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K5E PRODUCTIOK OF TUT-r-^UL-KOi:* 
By W. Tollmiea 



It ie lsiiow» that for geo«etfl<l^ly eimtte 

Reynolds Kumber, that nondiciensional ox abBolute quantity whicii. 
is composed of a ell&^^a«t«^rts1;i<^^•rel|>0iiiy aad- aietauce and i^h&W'^ 
liinematic viscoBity. The moBt oolifipiouous and injportant change 
in the form of flow with changing Reynolds dumber is the sharp 
transition from the laminar to the turbulent state of flow. The 
Reynolds roiaber for this transition has been determinod from 
n-amc-rouB observations in i:aany casos; for exanrple, in the case 
of the flow through tubes or about a sphere. Still the suaraary 
announceiuent oi this "critical" Reynolds ForAer is phye.|.0p^iy 

origii^l la^ninar flow* Jtom the dieturbances we now have, at 



iiili 




.56. rseyona 



ii;ent?llT zefinei ant claeEified» 'Henoe the eroeriDents leave it 



*'^Ue\-cr die Er^tetc-hur-s: der J-ax^-uls-z. " Fror. I^3C:irichteri dor 
5esells?haft 6er WiBse«g»;-.&f xer. eu sBttir^^er. (Report I of the 
p-fetiinrer. S:?i£r.Tific Socletr), i:s.T-h£;',atisc.h-?r.ysil:aliech6 ITlaese, 

Is 



IBIiliilll^^ 

lliilillllilllilillil^^ 

We might hope oMain as aecurate iiiBight into tlie pro- 
duction of t-oxbulence by a plxotograpMc iutrestigation af tJEie 
changes in the flow, Reynolds* laetliod lias been much used, ac- 
cording to which the flow in glass tubes is observed with the ai 
of a colored thread suspended in the middle of the tube. Prandt 
sought to obtain a clearer idea of the process in the smooth 
flow of water in an open channel by photographing aluainuBJ pow- 

iiiiiBiiiiiiliiliiiiiiiiiB 

der strevrn on the s-orface.* By this means he succeeded in de- 
terminiTig approximately the location of the flow transf ormtion, 
e.g., ir. the flow through a tube, mostly in the 6o-©aIled start- 
ing region, the results in this and other cases being eimilar 
tc those obtained by pressure and velocity neasux events. More- 

tior; cf tui>ulenD€ begins vitr. tiis la::iiiiax flor becoming unsta- 

MBBifciH^ililillili^BB^ 

iltiiiiiiiiiiili^^ 
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lar to the dlreeti&n of flon) ana then to »ul5|ect tMe. veloaity.'' 
profile to two-dimeneional di&tur'be.niaee. The first profile to 

treated ±n tMe way "by tlie aetliod 0mXl oscillatioas 
that of the '»0<mette flow* with linear dependejjee on the veXoO- 
ity of the transversse ooordimte* i-ie result, obtained Hopf* 
and Hi see** I gave 310 indication of the production of tel3fiQi2.0|},Oe, 
iDut a disappeaxanoe of all distiorhanoes, eoti^eQuent perma- 
nent stability of the aeeumed laminar flo^f. The simplification 
of the distiirfeances was first obtainM ^ Prandtl (See footnote, 
page 2) and Tietjene*** for certain profiles. Theae investiga- 
tors, howevegf, obtained the phyeioftlly eurprieing result that, 
within the range of the Reynolds Fombers for which the approxi- 
natione applied, it always yielded siarplified oscillations, 
while it was to he expected that, l5el«yir a certain Reynolds Ite- 
her, the laninar flow would he stahle despite all disturbanceB. 
In the Pxandtl-Tietjens inveBtigations, for nathermtioal »iJ2- 
plicity aooo3?ding to a suggesttos of Ea^leigh, profile© were 
aBS-aned for the fundamental flow, wiiich were coEXposed of straight 

;::;:::;;:::::::::::;:;::::::::::;::::::::::::::::X 

©eotiom^ The universal iL%mppe^m^& ©f the cormttirt tff th® 
profile of thf fundanental flow indiifaifes, however^ in thi$ oase, 
such ar* essential physical aeroEsption that^ hy allowing for the 
cuxTat^€, a nodification of the Pxanr.tl-Tietjere result laig-ht 



4 F . A . C . A . TeolsTdoaJt Memoranda . 609 

what follows, the^ef0a^e, profiles ax^e ueed which do n.ot have a 
universally disappearing ciiruature. 

rnis introdtiotioa is* pf course, not In the least intended 
to give a coiJ^preheuelTre eur-rey of the extensive literature* on 
the production of turfculence. It 1b only intended to indioat© 
the connection in which the present work was undertaScen. t 
greatly indebted to Br. Prafidtl for suggesting this investiga- 
tion and for hie enoouragemeiit and interest* 

llllllllllllli^^ 

iliilillillllllllliillliiiiillP 

coordinate perpesdioular Iso the direction of flow in the as 

^(y) e^^^^'^^^ . Then a representB the spatial cycle, the real 
part of 3 repreeente the periodic cycle, end the real part of 
c represents the phasic velocity of the given dieturbanoe. 
The iaa^inary part of p indicates the increasing or danpirjg of 
the diBturbaiioe according to whether it is positive or negative. 
Acooraing to the method of small vibrations, only the linear 
terciE in cp{y) are ali?rays considered, Tr.en, by introduction 
into t.r.5 Favier-Stokes differential equations for viscous fluids 
elln-inaTior. of the press-ore and general introduction of atsolute 
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in which R is the Reynolds Kuriber. The reference length, with 
^jiich a characteristic velocity of the profile (e.g., the maxiinum 
Xjjj.) Ejultiplietj after division by the kinematio viscosity yields 
tit H, is so selected as a dimension of the |>rofile> that' the de- ■ 
{Ructions of the absolute U in equation (l) axe of the order- 
of magnitude of 1. The disappearance of both oottponent© ft> and 
q;') 01 the diBturbance is a ir.arginal condition at the boundary 
walls, i.e., the liaite of U(y) by definition* 

At first we will assume P and e to be real, and i^ill 
seek the points of transition from stability to instability. 
For this problem two statements can now be.aaft© eonoernlng o 
and a. If we write the disturbance equation symbolically 
L(«p) = 0 and integrate the expressions i L(<P) - LWJ and 
f L(v) + (p L(tp) (the- conjugated complex quantities being over- 
lined) retween the ■boundaries with allcvrance for the boundary 
conlixione, vre then obtain, in the sictple and well-known manner, 
c < U; - 5- for tJ« ^ 0 and also a « R.** Just tlt« circ-jjastance 
that vre Kust accordingly asE'jine a zero position of t* - c, ne- 
ceseitdtoB special mathematical exrressior.e and is also acoompa- 
r.ier: :-y a t'hyBically int-cresting behavior of the disturbances. 



oc t-.-:c.ic- :ro:\ t-'-fe 4: 
F. 2:o:-t..:rj Z.'f. anreTT. Kath. u, Kech. X, page 125, 1931; 
L. S-:-:llci, Fhyc Z. 26, pag£ 566, 132E. 
"'*Sr'i": c r!--. 'The Turbulence Froblen., " Proc. ci the First Interna- 
tional Co-rresE for Applied I:ecr.aniCB j 3elit, 1924, page 38J|. 

1 . ' Z'lr aty:..p-L c Ti pchen Bchandlunr der BtstionK-rer. Li'pur- 
r : r. i: 7 . i\ uler.zuro: ien. 2. f. anre^r. Hath. u. llech. , Vol. 
I £26, rage 232. ' ' " ' 
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II. Friotionless Soliitione of the Dietiirbance Equation 

In genexal etR is aesijsjed to h& vexy large. It is nat^jx-. 
al to ende^^or represesit the solutions of the disturbance 
equation in such nanner that the terms multiplied "by the very 

to solutions of the frictionless disturbance equation, 

iV - e) - a* ^) ^ n« f sa 0 
We will coneidex the solutions of this frictiosiltsfe distuxl5aaoe 
equation without at fia^st goiug further iiato their ooimeotion 
with the Eolutions of the general disturbance equation (for 
large aR) , 

At the position tJ = c, the differential equation (2) hae 
a Einralar point. Since has a pole of the first order 

in this position, provided U« does not vanish at ^ust tMe 
point, we have a nonessential Bingularity (point of precision) 
under consideration, and re can easily establish^ according to 

converging series of integrals iron; the poii-.t V - o- = 0. At 
this point let y = D ani y be positive for U - c > 0. AO- 
cordingly the values at tl'-is point are iniic&ted.by the subindex 

C, rnere are then twc linear independent solutions of equation : 
(2), when the potential series in y are designated by % (y) 
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^1 - y Pi (y) - y + ... 

% = (y) + A <Pi log y = 1 + . , . + ^-o y log y + . . . 

This eetabliBhes the fact once for all that log y 4b j-eal 

for positive y. 

Before drawing conclusions from the analytical ebax&otox 
of % and %, tliese should be determined for a epecial oase 
of U and indeed fox a parabolic velocity distribution. Ac- 
cordingly, U - o ^ y (3a - y), &o that tf« « 0 for y « », 
Then U = 1, if ve put a = / 1 - o, and U = 0 f or y - 
r. - 1. We expediently introduce y^ = y/a and = a a, so 
that y^ =^ 1 at the vertex of the parabola, aad we. then obtain 

2^ - yj ) - %^ <P) + 2 cp = 0 
as the differential equation in the new variables. Ife then 
obtain the aeries developaente 

1^ = yi + + % y^^ + ■ ' » , 

2nTn-l)" 
ax = 1, a, = - i, % = a, =■ - ^ 




8 
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For tti = 0, 



U - c 
2 a 



^^^^^^ 



<?_ = - 2a (U - c) /' 



_ 



(u - cy 

expreeeioRS itMoh also repreBent the eoXutlone for aiay desired 
U when a = 0. 

In the general consideration of «Pi and we first 

find that <Pj reiaaine regular even at the singular point, while 

has a logarithffiioally infinite derivation at that point. 
If we remain, at least in eo far as cpg is concerned, at some 
dl^lefflioe f3?oii th© eiugul^ point U « o, then fj. «a3d...## aj?-* 
proxiniate the coioplete disturhanoe equation (l) for a very large 
a R and all the closer, the greater a R is»* -The error in 
<pj and q>g ie small and of the order (a R) , On aocouiit of 
the infinity of the derivatives of this conclusion is ch- 

viously no longer justified in the israediaoe vicinity of the 
critical poiist. We must therefore diBCues the general dietiiTh- 
a:ic£ equation (l) in the vicii-ity of - U - c. Thio point ic 
physicr-lly ch&racteri zed ly iht faci tli&t, due i-o the equelivv 
of the nairt velocity and the phaeic velocity, asy fluid parti- 
cle alv-'aye rer.^inB ir. : -j y:-e:rurc f eld, if the elirht 
t:'rr.'?v-rree riotior. iE ci sr c-'~Lrd€l. 

*Ht -rould &r: ive ij iotior.lers eriwticr.s in a more forr4:.l 

r^y, cy irquirir." f-inr i/.c iv.-b^::-:lz c; "r.s generel disturc- 
h-ice eq-j&Ticn, vrr.ici. , &.7i:i-: ..'ro:v. the- oi -:::c:.l point l c, r:- 

vi-iv££ ::r :-.r.v inoreaeiviT vslu: £ 



v.^. ^fcCl-.t *^1L— t 



^ T* "-T ; 
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III. Solutiona of tbe Bistijjrlsanoe Equation 
in the Vioinity of u e 

For the investigation of the solutions in the vicinity of 
the critical point U = c, we take a small region about this 
poiJit, the "transition strip,* in which tl - o can be replaced 
with sufficient accuracy "by U*^ y and likewise by 
T7e noF introduce y * (a r U'^^'^^^t} c tj, whereby n mj Ji&t^ 
very great values, due to the emallneee of c, even at ©mil 

equation in : 

BO th&.t we obtain, in close approximation, eolutione of the dig- 

liflEHfl^lillllliM 

of U = c froa the differential equation 



since, in 


the 


differ 


ential equation (3), 1 


J 


= c 


(i.e.y n «t 0), 


there is 


nc Ei 


nnilar 


point, and approxiiuati 


i 


values 


of the coef- 


fici ents 


1 


>f z: 


.t.- d: 


ifferential equation ; 


Mi ST 




t: 


-srefore yield ^r- 




e 


solutions. 


The different!?.! 


eqj.< 




tier. 


(4) yields no 


corrects 


cr. :or 




ilil 




whi 


2 a i 


B obtained as 



follows. 



At the critical point y (and also ^ 0, we put (p^ = 1. 
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term e -—^ <p and calculate from differential equatioii (4) a 
correotxosi wMcli we will designate by c (jJ^j, fhe diff esJeatial 
equation for ^^^^ is tlien 

Since it may be asBUjaed that the fxiotionXess solution is ^•pj^li-- 
cable at some dietanoe from the critical point, we will try to 
obtain a soltition of equation (5) which is based outwardly on 
the corresponding friotionless solutiori. In the vicinity of the 
critical"point (i.e., for small jyl ) a friotionless oalcula- 
tion yields cp«^ = . This value iirast serve therefore as 

U Q "I 

the basis for the solution of equation (5) outv^ardly; for ex3Jj- 
ple , for large {rit . 

If, by way of abbreviation, we desiCTiate by hS^L end 
^x/S Kaniel functions of the first ani second fore with 

the Bubindex 1/3 and the argraaent | (ir;)" ^= : [ - (ir,)^^} 

then the solutions of the ho:-iogeneoue differential equation 

and r*j/3 (S) 

iiiiiiBiiiiiiiiiiiB^^^^^^ 

U 6 ' 1-1/3 / ill/3 dr, - Hi/3 / ^-i^^'H^/sdr.} (7) 

ror the convenient repr ecer.tatior. of the :->r-kel lunctione "S 
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connection with tlie friotlonless Bolution^ w$ utilise tite tJ^- ' 
li^viox of ^qmtion (7) for laxge hi . At t]fee 3u!ioM<m points 

limit of botla int«grsils of ©guation (?) is located at a point 
of this Benii circle in the lower lialf -plane. We replace the 
Hankel functions by their asyinptotic fornrulas for large values 
of the arguiTient 

Thereby - ^ S arg [{i'^i)"^ *3 = The aboreviation «exp«f de- 

notes the exponential function of the bracketed expression. 
For the following, we need equation (7) on the semicircle in the 
lower rt half-plane with r. • The first integral in equation (7) 
there attains, in the first asymptotic approximationy the value 



The exrre 


TGion 


liliiiiiiliiiliiii 






selectior, oi the loy,ax inUgXc;! liKiit and are 


indepen:- e 




llllilllllllillll^^ 




r 


e fexp^l - ly- e , r - ^ W 



If we T:or add to equation (7) solutions 6 cf the hoacgeneous 
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fieBjicircle 



o 



U«r; 6 ® TT 



~1 - 



2 exp^ - i ... j . exp j + i ... j. 



5!o -1 -i* 1 



Thus we obtain the desired <p|, from equation (7). then ob^ 
tBin «p»^, by lategratioa froia (P'^, aocoraing to ri, whereby, 
as the integration method, we again use the eemicircle on which 
<P§^ is now known. Thijg 



<p*g^ (-r) = <p'^^ « i 



In a Birailai' inanner it ie finally found that the frictionlesG 
solution on the positive edge of ta^ transition strip 

becomeE 



*^o 



1 + ^ y log y 



•Tii or. -che i-,e;:ative edg-e (-r) 



^ 0 y 

^ * U'c >" |y| - TTt^ i TT y 

•J n 



or, ir. :,n6r^l, Ihct Q^, , -known to be. for po£: tive y, of the 

isiiiiisii^iiiiiii 

1 ■*-,..+ ^. log j.^ 

in fr.: .-:.:.ri-ic~ to ne=r&tive y, beo^r^ee 
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at the OTitical point, wliich ooRSi eted in tlie ii!^t3?od'aotion of an 
imaginary' portion and therefore of a phasio in the x com- 
pomut of the dlfiturbaiioe* JJie above cajculatioii© show^tJiat t'hn 
detexminatioji of Hhe transitional eui»stitl*ti©a is ©qaivaXml to 
the detersai nation of the phyeioally real branch of the logarithm 

The following statement isay he tcade regarding the width of 
the transitional strip, for which we deduced the <Pgj. eolution. 
r must be bo large that the asyii^totic approximations for large 
r, as used in the above calculation, are applicable up to an 
error which is admitted on account of the only approximate appli- 
cability of the frictionleee eolutione outside of the transition- 
Bl strip.* 

Calculation froE the thus-determined r yields 2 c r = 

— 1/3 

2 (a R U^o) r, as the width of the transition strip in the 
original y coordinate. Hence, as soon as aH i& large eno\igh, 
the frictionless to the narrovmesB of the traneition 

strip which approaches 0 at the limit, actually acquires, on 
itf- boundaries, the values Ws^ have above put ir. the boundary tiOi^->' 

BIllllillllBBBlllB 

cieriXly approxiniateE the value 1 -Rhich we as£'uL-e5 for <i?g^ , thus 
verifyinr the asyir^-totic applicability of our forBTdlas for large 
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Figur.e 1 gives for U"o/U'o = 1 a graphically oT:>taiEetl 
qualitative picture of tlie behavior of in tlie txansitioiv 

strip, aivid^d into a real part and an imaginary part 

The differential equations (4) and (5) give us directly 
the second pair of solutions, which follow from the general, dis- 
turbance equatiosi foa? large aE» Along with tha solution 

lllllll^llll^^ 

ously possible also the eolutiojiB (equation of the oorxeapon* 
ing homogeneous differential equation. 

<p"fe diinini^hee greatly for large positive values of tj, it ie 

(Q, approaches infinity for positive r, and i8 not usei in what 
follo-^s. The error in qpg is of the order of maer.itude of 

TT" 

e UT^. According to their rate cf variation ami ^P^ can 

alsc be designated as "slo^r" and and a© "rapid." 
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iiiiiliilii^iiiiii^iiiii^ll 


on the 


tall for 





lllllllllllli^ 

'^'■■■■'i^iiiiiiiiiiiiiiiliiiiiiiiiiii 

%fm 0) m tlifeTCiase-of >> W,^ - that is, |w ^rlto^" ' 
int is otitsiSe of the layer under consideration! Hence> fox 

x-x-:^-:':-:':-:':-:':-:^;-i^:-:-i'x^ 

|)dunjiary layer in which c spproaCJhes U - o, U« can like- 



r|,ie 1)6 replaced "by V^^, ' ^te TiLlue at the wall 

i a R ic {«)» - a* ^> + U«„ f>| = - Sa** f« + «* (9) 
^-tt the distance from the wall is designated by y^, the solu- 



%lons of this differential equation have the form ^ e J^*^,* 



Jfe thus ohtain "both pairs of solutions In an especially clear 
planner. We have, namely, 



~ 2 i 



i a R c + Sa^ ± / - r= 



Hiiiiiiiliiiiirt 

m^mtms^^. 



iilpiiiliiiiiiiiii^ 

iiiiiiiiiiiiiiliiiiiiiiiiiiiiiiiiiiii^ .,..,.....,,„,, 

tenae with J^trge a R, the pair of f rictionlei?© e»ltitionej, l^^-e** 

to the dependence of the coefficients of tSie differential 
equation of y„, only the beginning of their development from 
the wall out, approximately 
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The eoXutioii eorrasponding to % iii Se<?tion IJI becomes, up ^ 



airr 



Ifisiliiliiiisiiiiiis 



i.e*, it diainislieB very rapidly, sp that the variation of the 
coeffidicnte of the differential equation does not enter into 
consideration. It should be here noted that equation CiO).can- 
also be derived from the general equation (&) for ^^by fpf- 
cialization for negatively large r\ , ^*>: 
Tie tj ens derived ^3 from a separate boundaty-layer equa- 
tion, while we eingjiy derived all solutions from the general '& 
tuTbanoe equation. (f>^ can be conceived as a sort of boundarjr* 
layer solution on the wall or» in other words, of outer fric 

iiiiiliiiiiiiilHliiiiiilli 

ftl-layer solution. In the case U" 0, however, the^oril 
ical point where, aocording to the frictionlese calculation, - 

ond inner irrctional-layer eolution oftcurred which was derived 

iiBiiiiiliiiiiiBii 
i^^^Hiiiiii 

but otliervrise fit into each other. Tjne essential difference * 

liiiiilliiiiiiiiiliiiilllW^ 

in our investigation, as 6oB?jared with that of Tietjenfi, resid^ 
in the appearance of the inner frictione.1 layer. 
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- V* Forfiiulation of the Bovmdajry Condi ti ons 

HaVlBg obtained an insiglit into the cliaracter of the fom: 
l^ntegi's-ls of the dietuxl^anoe equation, we wiXl now a^^gtv^rt to 
^j^e T:^ouMar3r-iralue |^xol5l©ffi and foxnrulate tfee 'feomtoy oon^itiojss 

W© first take a profile Hdty), whicli inoxeaaee from tim 
tal^s U = 0 on the wall to a luaxiisma value, which then remainil 
constant for any desired time. Thie, for example, holds vexy 
true for the important profile of the flow along a plate. Since 

for positive y increases beyond -all limits, it does not 
appear in the solution. For U = constant, the friotionleee 
Bolutione are e~°''^ and e"^'^-^, that is, we can use only e""^ 
due to the necessary limitation.* Kence CpVsF = - a in this 
field, whereby we have accordingly obtained a simple boundary 
-condition for the initial point of the field with constant U, 
which will be indicated in future by the subindex m. Since 
has already disappeared, the condition i& expTOssfed by the equa- 

Ox i^'m-^ ^ <?im) ^ (cp'^B, o - 0 (11) 

or, in an abbreviated. foxK., by 

tl-.e v-:l uec Ir.-ere ry the eur index - w ani Eimultaneously apply 

^ ,_, ^, ... „.» . , ...'—rr 
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the transitional Bubstitutioft in %xf axid in '^^sw? we oMai^ 



and 



Mr 0 



(13b) J 



CP 



1 



The ratio ha« alxeady "been calciilated in tlie work of Ti^t- 



jens and can be e;j!prese«d by eyiabaX D. It tfeen beooKiee 



ss w € B 



mm 



(13) 



D ie here introduced as a function of Zq, wbioli, in the t) 
eyetem of cooxdinatesB (SBOtJon III), is the measin'ed aistanoe 
of the wall from the critical poixit, which can be desigimted 1>y 
Tj^f hence 



iiiiiii 



iliii:::; 



CM) 



The folloT?ing tM.^ gives tJie values according to Tietjens: 



0 


0. 


702 


- 0.4^5 1 


-0.5 


c. 


765 


- 0,411 i 


-1.0 


c. 


920 


- 0,389 i 


~1. 5 


1 . 


043 


- 0.297 i 


-2.0 


1. 


nil 


- 0.147 i 


— S. 5 


1. 


357 





lllllillll^^ 

*S.5 1.180 •t' 1.130 i 

,^4»0 0,460 + l.a50 i 

-4,5 -0.0405 + C . 6080 i 

-5.0 0.0057 4- C..3645 i 

The tt7o coniitions (11a) and (l2c) yield a detexf-lnant relation 
which car. be calculated frott ^sviM^" octsin therety 
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4 



CP 

S IT: IW 



on dividing hy 



* ' — r~ — ?s! s — 3;ri 



<15) 



jhe right side of equation* (15) iB known, whjesn we writ© 
paxssaeters c and a "before it. It is quite generally desig- 
nated "by 1:(o:cl). fh© left side ejqpree&ed as a function of 
V. W. now oo.Btr.ot a polar cuxve fro» - ^ .Itb «B 
part as absoisea and its imaginary part as ordinate (Fig. 3)« 
We then select a definite o and plot E as a functipii. of u 
in the pola.r curve, w3jer6upon we determine the intereectios 
points with the - — f^;^ — polax diagraiB and the oorrespoud- 
ing to the « transnission point" (Section l).. From 
then deterraine € according to equation (14) and consequently 
the last parajiieter H. 

Iieg£.rdins D it should be noted that^ for a negatively 

^iT^A 

This can oe accoia- 



large t\ ^ it is converted into 



through an asyxaptot 


i( 




cons id 


eretion 


3 ae 


given in 






10! 
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froiii ■ 

























expressed by 



'•w 



For E symetrical- u profile we octain a eiinple lorffi of 
the hour.aa-ry condition iror: the fact that in this case ? can 
he reeclved into an even and a:i uneven part, each of which must 
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of itself BatiBfy the distotsanee equation and the bomdary oon^- 
ditione. Henoe, we have in the inidclle, since 9^ cannot be in- 
troduced here and 93 has aaaready ¥anished| the condition 

^ <P»sia = 0 (16) 

for the even ot 

Ox <Pxm + <J« Hm =^ ^ {17} 

for the uneven ^, which takes the place of equation (ll), 

lllljllllllllllllll^^ 

Tietjens expressed the one boiitidaiCT condition on iik^ WBll^ 

lllglllllilllglll 

Prandtl in a different fora from ours. Since doubt has ©cca- - 
Bionally been expreesed regarding the correctness of this bound- 
ary Condi tion^ we hereby confiria its agreement with our own con-* 
elusions. -^^ We will describe the fietjens method foriaally and 
refer to the work itself for its physical justification, fiet- 
iens does not let his frictional-layer solution for n - 4 
trhich would correspond to our <fe and be designated by 
(proportional to Tietjens' v*)» go to^vard 0 like oursj but to- 
ward a cor.stant value <?i**r (proportional to so that 

'^s* = ?s + %*; for s?s*'<*, Xi'ke sp*3 , is also put equal to C. 
The- the constant %* ie eo detera^ined by Tietjens that 
%w = that is, ~ - Lastly, the y coEponent, 
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put equal to v* that is, 

uhile we above put 

Beth conditions are therefore identical according to the rela- 
tion between <?!3^, and ^Ps^- 

VI. Equilibrium of Flow along a Flat Plate 

1. The above method of calculating will be applied first 
to the velocity profile which develops at large Reynolds KUm- 
bere on a plate iEomerged parallel to a flow of infinite extent, 
the Inhoin^ cd^je of the plate being pcrps-ndicular to the dixec- 
tion 01 flow. We choose this particular velocity distribution, 
because experiments on its stability are in progress and because 
the aEsunptionE for the accuracy ol our approximation axe here 
eppeicjo-lly favorable. This profile web cc-ilculatod by FlnsiuB 
according to Prandtl»e theorems^^ and is characterized especial- 
ly by We f'AOX that it t e^^ins at the iv?_ll with a vanishing cur- 
vature and jcins the unii et-ar"i ei veloci-uV outv;ardly v.ith a sharp 
&-E.yMriote cc rrtppon^inr to "th:- aEymrtotic "r ehavior of the error 
inte^-rr.l (Jir. 2). 

For our pui'pcBt-e ii will be upefiil ic have an &p; rcxir.axe 
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plest way ie to let the velocity ai^iH'biition "begin at tM watll 
with a straight section and repXace the ai^^a^jtotic ^unotion.,^ 
with the mdietwxt»ed velooitjr by a fiulte Jiinetioil (at M in Mfj 

(illllllilllllliiip 

tion. If we deeignate by the dietanoe from the v^ertex of 

the paxabolan w6 then al?.otir, toward the <pt3 eide, V conetant 
to continue with its imaxiBium valine {l). Toward the other eide 
U = 1 - yj^s ^ If correspondingly eeleot the reference quan- 
tities with whl<ih we form the &bsoliite (pantitiee used. Toward 
the wall and indeed from y^j - 0.S4 (at A in Fig. 2), we 
then have U = 1,705 -• 1.680 yja, BO that « 1,015 at the 
wall (U a 0). Thereby U itself ie represented with euffi- 
cient acc-oracy, hut we cannot put = constant and U>' = 0 

values 

ll< « IM (1 - 5.65 y/), 

appli*, instead, m&x the ml%^ X% m fax as these <|U8»titJe0 

The frictionlees solutione and are calculated axs- 
cording to the series formulas of Section II for the paraholic 

Fin a y tr.i cos a y for linear U. It was thus possitle, 
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as 



tions for tlie wall and the parabola vertex with eufficient accu- 
racy^'- The transitional substitution cannot, of couxae, "be 
calculated with %im roughly approximated jJrafile (etr^ght line 
parabola), but v^ith the more aootirate value of « - S»9 , 



-jrhioh is obtained from the indicated formulas for tJ* and U* 
when, according to the above, c ^ JJ = 1.68 y.^ even at the 



critical point. 



2. The intereeotion points of the E curves (Section 
with the - ^ polar diagram are next determined for C - 0, 
An iiaaginary cOfmponent is introduced into E by the phasic 
shift accorapanyitJg — - c^, so that E ie puxely real for 
sufficiently small c» The intersection points with the - ^ 
diagram are therefore either at - ^ = 0.55, or iJip 2= *- 2.3, 
or - ^ = 0 and negatively very large t)^. By considering 



w 



■ and 
-1,1s 




a , we 
+ 20 


0.596 


> c 


3.36 



For tLae first intersection point with - = 0.56 ise^ according- 

lilliiiiilliiiiiiiliiiiiilB^^^^ 

ly have o » 0.74 c and, under consideration of = - S«3 or 



<1.68 a R)^^^C.596 c = 2,5 

Ac cordi n g to e quation (18) have fe - 1.68 c for the second 

"^^A epecievl expression is required ry this method for the repre- 
sentation of v;ben the critics! point (U=c) approaches very 
near zo the function point of the BTr&ight line and parabola. 
Ke\-erthelesB, re can here dispense ^i-it> the repetition of this 
Consideration, which ie inrDort&nt for the n-JLaeracal calculation 
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f 

intersection witji ' = 0- In thie region is -srery large 

and therefore c D = (3 a H o)"^ {l + l) aeoarding to equation 
(lO). For the detexiai nation of E me maBt bere include -the 
higher terms in 0 a a^ud utilize therefore tlie imginary 

part of D, to which the iiaaginary part of - E "n^ should "fee * 
equal for the txanemxBeion points. fktB becomes 4*36 i c* on 
the "basie of the ^ust-calculated so that H - 0,0150 0""^° 

We can now calculate rj^ and ol^tain D,21c""®, that is, fox 
small c actually ae laafg^ iraluee waxraiited the utiliaa- 

Disregarding the explicit jcepxesentation of the relation 

because -our aBymptotic calculation^ fof large a H apply to 
them with great accuracy. The formulae, moreover, yield a util- 
izable approxijaatipn up to about c = 0.05. 

Xhe other transmisBion points are found by the graphic 
isethod developed ir. Section V (Fig. 3), Beyond a certain c 
value (e.g., in Fig. 3 at e » 0.43), the I cuTTes yield no 
fuTtncr ir.terBection point with the - ^ diag^'ii::, though they 
othervripc yield tssro interseOtior* points* Befoxe ent^^ring into 

ing the accuracy of our calculatiori. 

5. Our whole calculation is or^li' an approximation, vrhich 
iE poorer ir. p.^ro-portion i: i/.e eiaalliiess of the a F. values. 
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Qf Soction III, although the trp.neitional strip does not by raiy 
means alv;e.yB rcv,iri.ir. Email, so that wo o-n no longor assume 
gj. qj^ to "be eipproxiaatcly ootietant in the transitional strip, 
e,T)d even the junction oonditionB have to be changed as rogaxti© 
the greater jy| ve.lue8 on the edge of the trr.neitional strip. 
Kow, however, the transitional substitution can be aocompliehed 
under Goi/.Gwhat different conditions. As the differential equa- 
tion for sp„ in t) in the trDJisitional strip, we can put 

4 «)« B + Ti Cp« = <J) I r ■!= + Q? n I 1 + ~ — ■ + 2 L_ +. . . ) 

_<p»- tj iH + -U^ cfril + ^ ^^^^ 



in v'hich the U derivatives ijre the ori[:inal ones according to 



4) 



The r 



irht-h'.ind meioer of equation (19) is no longer con- 



Puant ir. Ihc irRr>eition?l strip. Wc can therefore shoT? that 
thc-rc is z eclution cf equation (l£) v/hich, for lar£:e \^\ , 
joinc t'.-iL fjictionlesE solution with the Iranch of the log- 

arithj;. prtviously xno^vn as physically real. By considering the 
right"h.Mid i-esber of equation (19) as an inhonogencous terra of 
a differential equation of the second order for ^^s, it is 
Bhov;n, v;ixh the Benie cieanc (asyiaptotio diBcuscion of KanJcel 
funciior.L l : i cf the coir: s; ondir^r j ntofrrr.ls) as in Section III, 
">.hat, on the sar..i circle there introduced, th«„ equation 



r 



- ( 



1 + 



t 

1^0 



4 } S :. ^ f C! o tnc te , pace 26 
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is ido--.tical ^itli the f xictio?iXeei^-ais'tur"bancc equation, '??Mre1>y 

general as^om^tions. We coiamit a Blight mtot^ hmm&x^ tak- 
in§ % at tlie vail m ^ready friotionlese (naturaliy* witli 
inolmsion of t^t ^l^eiO Pm)* i.e., % assmai^f •feMt thp l»ic- : 
tional effect has vanished. Outside of the transitional strip 
^or expxiple, at the poijtiij with the index m) th& oxrops in 
and throiagls disregard of friction of the oS'to la.R)'"*, 

are aT.vays very email* On the contrary, the error in <Ps , of 
the order e __o, iu 0*066 in tho iaost unfavorable oaso. 

Tliie rough estlaation of the errors in our approximation 
Bhov;G thc-t our calculation yields the physically correct funda- 
mental rr.lucB, while indicating at the saffie tim& that, for the 
last intersection points Ismail Keynolds U-oj^bers), the numerical 
values of the disturbanoe paxaKieters and of € ere sulJ^-ecit to 
errors of a tm pm ce;st| especially in the di&terjstnttlon of 

It ;i;ar sees su3jp3ri'feln^ ttm-t^ in our calculationj the irlsloc-- 
itr rrofile on the i-late Tires asccLr^si to depend only on e^.- 
thoug-li tl-ere ie really a slight 4«per.5ence en It can re 

shovni, r.o-e\'er, that the ^o^asider^tion oz tr,ls depend^mce , for 
the fior along the plate, only introduces terns of the order of 

iplPiiiiitiiH 

4)Foctr\'^te fror -oae-e 25. ■ ^ 

lllliiiiiiiiliiliiiiliiiiii^ 

on tnc- rigl'-t side of eguation {l^)f can b1$o t^r easily Include?. ; 
IT. T-e .'cllorinr coneiceration, thousrh in our c=r^e thev do not 
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smaller ones, which would have very little effect on the re- 
sults of our calculation, 

4. In g-iving the results of our calculation of the trans- 
mission points, we will write in full the hitherto a'bbreviated 
absolute quantities. Instead of the previously used, somewhat 
arcitr&rily deternined reference length (half the width of a 
certain para^Dola), we will introduce a physically logical ref- 
erence length. The determination of a characteristic length.' 
from the present and other >30tmdary-layer profiler is rendered 
difficult by the asyniptotie tuiioa with the undisturbed velocity, 
60 that nearly all of the previous definitions of the boundary- 
lc.yc;r thickness are not rational. The only formula for the 
boundary -layer thickness, which is not arbitrary, which can be 
accurately determined by experiitiexitji and which covers the ^ti- 
tire course of the profile is 

5 » / (l - ^) dy, 

in which the integral extends from the wall to the undisturbed 
poter.ti&l velocity lluj. This len^rth, formerly termed also dis- 

rl=ice:.-.t:- T tz-ickneErc rut here Biir.ply bounSary-layer thiclmePE, 
vieliE, \.:itr. nultiplied by just the n;easure for the reauc- 

tior. of tne floi/r ty tr.e boundary- layer friction. In this case 
6 lE o:" c-or former reference length. ITe accordingly 

■TLks — Jjl as Reynolds Iruitr-er R. 

Accor:llr;r to our de tc-rrr.inat ion of the Irans.-'i Dsior. points, 
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two disturbance paraiaeterft oarrespoM to each R, except that 
only one c: &- urL&nce paraneter corresconds t'j the last critical 
RcynoldG rumber 430. Figures 4-5 show the disturbance parame- 
ters a 6, -H,, P5 plotted against the logaritluaio R. The 

Urn Um 

Bp ace enclosed in the curves ie obviously the region of the uti- 
stable oGcill&tionB. The fiubindex r of P and c indicates 
that the dia^rajriB cover only the real part of these quantities. 

Here a few tranerdssion pointe are indicated nujuerically 
as obtained from our oalctilation in conneotion with Figure 3. ' 



0.4 
0.4 

0.2 
0« 



0.272 
0.368 

0.076 
0,160 





E 




o.ios 


445 




716 


0.015 * 


7330 


0.032 


54800 



lloreovex, v;e vri 11 repeat the f ormlaB for very large H, 
thoxich -..-.ey hb.rily continue to be phyBic&lly important. 

i ae = 0.E5? 

iiiiiii;;iii;s;;s* 



an~ 



-J/ 1 0 



V 



ill 



Out C • C'7u -~ 



VTc flrpt eexE."-liEh the fact th£.t ar. extre."Sely narrovr oscil- 
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instability: ^ ^ 0.435, <3t6 = 0.367, ^ = 0,148. The gxeat 
^ave lengths X of the diBti-irbaDOe are especially striking in 
coinpa^iBon with the "b'oundary-layey thickness* ^ = so thai 

jniniimim X = ^ 6 17,l5, Al&o certain ohservationB of 
pr and tl regarding the previously sieattioned channel, at the he- 
ginning of which the flow somev/hal* resembles the plate flow,, seem 
to refer to these great wave lengths. Since 6 increases along 
the plate, it is perhaps desixal^le to assign to X a limit, which 
is independent of i. According ta Fig^e 4, a certain region 



of unstable a6 corresponds to ©very 



We Can eliminate & 



from. Oib and 



and then determine the maximum unstable a 



or the minimum X for any given JS^ aiid » . The minimum unsta- • 
ble X is 8400 which is approximately-'proportional to the 

steady oscillation at R » 4.20* If the length of the plate from 



its leading edge to the point R 



- 420 is designated by 



h&om&e £ « 1,73 i 



T 



Then 



li, then li = 59000 

Tietiens investigated the stability of a profile which, as- 
cends linearly to Ujj- and then continues vrith a bend. This 
profile nust therefore be regarded as a rough appr ox i nation of 
ours. The tranerdssion points were taken from his Fig-are 17 
^■'^^ J^^^'^-ted, in part, in ovjt Firurg 4 with crocsesj thereby, 
according to Tietjens, bi = 3^, Tletjene obtained one branch 
of the equilitrrom curve in very clcse appxo:slmatlon. Since he 
obtained or.ly thie one branch, he found- no lir.it for R nor for 
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a6 which depends on the general disappearance of the "bend in 
the Tietjens profile. 

Heisenberg^) imdsxtoofe %^ investigate the stability of pro- 
files with l>ends* In general^ Heisen"berg aesuiaes that cl a* 0» 
The convergence of the dev^lo|»psnt of Bolutionfi iwscording to 
a iB not explained. SSlfs t*saft«itional substitution for % 
(Heisenberg Q)^ ) is accoHrplished by another anS not quite con- 
vincing method. iSie nuiaerio^d iralu*© i>f pbaiio ^en^ agrees 
pith oiiTB In hif ffpmiSkl mmm HelifeJifcerg did not caloiil^le & 
profile, but confined himself to euppositions which, in part 
{as regards the existence Of m uppea? llMt fo3? * and a loirer 

''''''' 

liiuit for R) lie in tht direction as oi-;.' results concern-* 
ing r.:o special profile for the flow along the plate* 

llllllliliiilliiiiH 

and Zijrien"?) and EansenS) is incomplete for two reasons. In the 
firg.1 place we are not well enough inforpied ©OBCferniag the ac- 
tual disturtancee J and then it it liOt clear ae tc how far the 
turning point defined by these vrritexs agrees Kith our beginning 
of instability of the laffiinax flcr* BctJi ?'Jiyge3?t ani Hs^nsen de- 
fine the turning point ae follows. On the forwa-rd portion cf 
the plate there is always a lasfilnar section, as determined by 

Frandtl and Blasius, After the --—ring points, there ie^ a decided 

5)"Uerer Siatilitat ur>2 Tuxbulens vrn Fl*Ssf iekeitsstromen, " Ann. 
c. Pr.ys. iv, Ycl. 74 (1324), p. =97. 
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^uTDulent portion, whose laws were explained "by Prandtl and Karujan 
{1/7 power law, etc»). In "botli eeotioBS the velocity gradient 
close to the wall continually diaJinishes downstream wltli an in- 
crease only in the transition zone. The oritioal Reynolds lJuiaber 
IB calculated simply from the minimum point of the irelooity g3fa- 
dlent^ while the instability of the laadnax flow might begin 
«oonex at smaller 6 and heJioe at smaller B. At hest we may 
tliexefore expect only a oonfiarmation of our calculated critical 
Reynolds KuaJber^. It ehofuld he uoiei tSmt the houndsry-layffir 

illllllllllllllii^ 

tained "by us. On the average^ *Khey obtitliipft in our eoale a oyit-^ 
iCEl Reynolds If-amber of about 950^^ (as Calculated from their val- 
ue of SOOO), which decr«&t#d with greater distuibanoe to ^0 (near 

of the plate). If it ie considered that, in our calculatioJi «tt 
420, there was still a single partial undamped oscillation, while, 
in the CE.Be of the experimentally determined turning point, there 
was already & considerable increase in the small di etxubanoef, it 
can then be said, under consideration of the above critical re- 
ir.arks, that our calculated results agree very well with the ex- 

Since our R = =1.73 y -~ =f 1.72 J Rj, where I repre- 
sents the plate lengxh fror. the leading edge, this r/asierical 
value corresponds to an R; of SOO^OOO. 



sa 
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For co«paTl^ with the *^ea-l„ants it le i,^ort^t to W 

the aee.ee of aooelexatlcn or dating and also the au^i^n^. 
Of the oBCtnatlon ««pl«u.e. ma ana other ^estio:.. 
olrtly th« teha^or of other profilea. nil te i« , 

Becond report. 
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